Using the recursive Green's function method, we study the problem of electron transport in a disordered single-layer graphene sheet. The conductivity is of order e 2 /h and its dependence on the carrier density has a scaling form that is controlled solely by the disorder strength and the ratio between the sample size and the correlation length of the disorder potential. The shot noise Fano factor is shown to be nearly density independent for sufficiently strong disorder, with a narrow structure appearing at the neutrality point only for weakly disordered samples. Our results are in good agreement with experiments and provide a way for extracting microscopic information about the magnitude of extrinsic disorder in graphene.
Graphene, a two-dimensional (2D) allotrope of carbon with a honeycomb lattice, has attracted a lot of attention due to its unusual, Dirac-like, electronic spectrum and its potential for an all-carbon based electronics. 1 While the theoretical literature on graphene is already quite extensive, 2 the effect of disorder on transport properties near the charge neutrality point (Dirac point) is still subject to much debate and controversy. The difficulty in understanding how disorder affects Dirac fermions has to do with the fact that electrochemical disorder is a relevant perturbation under the renormalization group and drives the system away from the weak disorder regime. 3 Hence, standard perturbation theory fails and one has to rely on either non-perturbative methods or numerical approaches. Although several recent theoretical works have been established that for short-range disorder large graphene samples should become insulators, 4 the current understanding of long-range disorder is less clear. Some authors 5 have questioned the existence of a beta function for undoped graphene while others 6 have proposed a non-monotonic beta function for single-valley Dirac fermions and a metal-insulator transition. Numerical computations in momentum space 7 as well as simulations based on a transfer-matrix method 8, 9 adapted to the single-valley Dirac equation 10 found instead a simple scaling law for the conductivity, a metallic beta function, and no indication of a new fixed point. 11 Furthermore, while the selfconsistent Born approximation (SCBA) predicts a universal (impurity independent) conductivity of 4e 2 /(πh), 12 percolation theory finds a smaller value. 13 On the experimental side, graphene behaves as a good metal with conductivities of the order of e 2 /h, 14 which is inconsistent with a purely ballistic transport. No sign of strong localization has been seen in graphene although the size of the samples (a few micrometers) may be smaller than the localization length in 2D.
Current experiments indicate that transport is not ballistic, but is it really diffusive? Experimentally, the electron mean free path ℓ tr can be estimated by gating graphene away from the Dirac point and using the Drude formula to relate ℓ tr to the conductivity σ:
where n is the carrier density. Typically, ℓ tr is found to be smaller but close to the sheet linear size L. Although this estimate has to be taken with caution, it supports the notion that current experiments are in the crossover regime between ballistic and diffusive, a regime where standard analytical approaches fail. Establishing a quantitatively understanding of the effect of disorder in the transport properties of graphene is of fundamental importance for the development of electronic devices where high mobilities are required. Therefore, an alternative theoretical study is desirable.
In this paper, we use the recursive Green's function method 15 to study numerically the effect of extrinsic longrange disorder in the linear electronic transport of graphene at low carrier densities. We explore the low temperature limit, when intrinsic scattering mechanisms such as electronphonon can be neglected. Our calculations are based on a microscopic, tight-binding model of the graphene sheet and performed at and near the Dirac point. After a simple rescaling, we find that the dependence of the conductivity on the carrier density is controlled only by a dimensionless disorder amplitude and the ratio of system size to disorder correlation length, L/ξ. This dependence can vary from sublinear to superlinear, depending upon the disorder strength. Therefore, our results provide a way for extracting extrinsic disorder parameters from experimental data without making any assumption about the underlying dynamical regime. We also find that disorder has a marked effect on how the shot noise Fano factor depends on the carrier density. For samples with square aspect ratios and weak disorder, a narrow dip exists at the Dirac point, while for sufficiently strong disorder, the Fano factor becomes density independent, taking up values larger than 1/3 which increase slowly with the disorder.
The nearest-neighbor tight-binding model on a honeycomb lattice with site disorder reads H = − i,j t|i j| + i U (r i ) |i i|, where i and r i label the lattice sites and their coordinates, respectively, and t ≈ 2.8 eV is the hopping energy. The long-range disordered potential U (r i ) consists of N imp random lattice sites {R n }. Each of these sites is the center of a Gaussian scatterer with a random amplitude U n taken from a uniform distribution over the interval [−δ, δ]:
2 , where ξ > a 0 is the range of the potential (a 0 ≈ 2.46Å is the lattice constant). 16, 17 A typical realization of the disorder is shown in Fig. 1a . The concentration of scatterers is n imp = N imp /N , where N denotes the total number of atomic sites. When n imp ≪ 1, the magnitude of the disorder fluctuations is characterized by the dimensionless parameter K 0 , which is defined from the impurity potential correlation function
where v = √ 3 a 0 t/2h is the Fermi velocity (notice that U (r i ) = 0). We note that K 0 contains information not only about the relative magnitude of the potential fluctuations, δ/t, but also about the scatterers' range and concentration: A simple calculation yields K 0 ≈ 40.5 n imp (δ/t) 2 (ξ/a 0 ) 4 . 17 In the continuum limit and using Eq. (1) together with the Born approximation (BA), one finds that the transport mean free path away from the Dirac point is given by ℓ BA tr = 2λ F /(πK 0 ), where λ F is the Fermi wavelength in the graphene sheet 16 (λ F ≪ ℓ BA tr for the BA to hold). We investigate square graphene sheets with M = 1+2L/a 0 and N = 1+2 √ 3L/a 0 lattice sites along perpendicular edges. The sheet is connected to ballistic, square lattice source and drain leads following standard procedures. 15, 18 For all data shown here, the edges parallel to the electron current flow are in the metallic armchair configuration 19 (we have found that, in the presence of disorder, similar results are obtained for the zigzag configuration). Using the recursive method, we compute the electron retarded Green's function at any lattice site, G r (r i ; E), where E is the electron energy. The local density of states, ν(r i ; E) = −(1/π)ImG(r i ; E), is obtained and can be integrated in energy to yield the local carrier density at the Fermi energy, n(r i ; µ) = µ U(ri) dE ν(r i ; E). This is The recursive Green's function method provides a efficient way to compute the electron's scattering matrix as a function of the electron energy, S(E). From S, one obtains the transmission t and reflection r matrices, which are then used in the computation of the linear conductance G and the shot noise Fano factor F : G = (2e 2 /h)Tr(tt † ) and F = Tr(t † t r † r)/Tr(t † t) (the factor of 2 in G accounts for spin degeneracy). We note that σ = G for a square sheet.
In Fig. 2 , we show the scaling of the conductivity with L at the Dirac point for several disorder strengths and correlation lengths. Our results are in qualitative agreement with recent numerical studies using the continuum model 7, 8, 9 and are compatible with a metallic beta function of the form β(σ) = A (2e 2 /h)/σ, with A ≈ 0.17. In particular, the quantitative agreement with the scaling obtained in Refs. 7,8 indicates that for correlation lengths ξ > ∼ 2a 0 , there is no noticeable effect of intervalley scattering. Thus, the lattices in our study are large enough to reproduce the numerical results obtained with the continuous single-valley model.
In order to explore how the conductivity behaves as a function of carrier density n, we compute the latter as a function of the Fermi energy µ in the graphene sheet through the expression n(µ) = µ 0 dE ν(E), where ν(E) is the sheet global density of states (DOS), which can be readily obtained from the energy dependence of the scattering matrix. By writing the scattering matrix in terms of the retarded Green's functions, 15 one can show that the WignerSmith time delay,
We thus arrive at ν(E) = −(i/πW L)Tr S † (dS/dE) . These steps show that ν = 2τ W /(hW L), as expected from scattering theory.
In Fig. 3a , we show the average ν(E) for different values of the disorder parameter K 0 and a fixed ξ. Notice that the DOS does not vanish at the Dirac point, as one expects for an infinite clean graphene sheet. The coupling to the semi-infinite leads broadens the electronic energy levels in the graphene sheet, an effect that is more pronounced in the vicinity of the Dirac point. More interesting however is the effect of disorder. We observe that as K 0 increases, the DOS becomes almost flat over a large energy range. In particular, close to the Dirac point the DOS grows substantially with K 0 , surpassing the broadening due to the coupling to the leads. Remarkably, we find numerical evidence that the DOS is very robust against system size scaling. Figure 3a shows that ν(E) rapidly converges as M is increased and K 0 < 10. Another feature worth noticing is that, for strong enough disorder, ν(E) grows approximately as a power-law with E, as shown in Fig. 3b . Our results for the DOS complement the analysis of Ref. 3 of the problem of Dirac fermions in the presence of a random chemical potential. This kind of disorder was shown to be a relevant perturbation in the renormalization group sense, possibly taking the system to a new fixed point if electron-electron interactions are taken into account. 6 We now turn our attention to transport properties. Our main results are collected in Fig. 4 . As one departs from the Dirac point, the counterintuitive feature that the conductivity is enhanced by disorder disappears. 10 For a fixed disorder, the conductivity increases with carrier density. By plotting σ as a function of the number of electrons contained in a square of area ξ 2 , we find that the functional dependence is solely controlled by the disorder strength K 0 and the ratio L/ξ. Notice that σ as a function of nξ 2 goes from sublinear (weak disorder) to linear (intermediate disorder) and then to superlinear (strong disorder) as K 0 is varied. All three behaviors are seen in the experiments 14 and therefore may be related to the strength of the long-range disorder in the samples. For a fixed K 0 and dilute scatterers, we found little dependence of our results on n imp .
The scaling behavior of σ = σ(nξ 2 , K 0 , L/ξ) works in the crossover regime from ballistic to diffusive regimes and . The number of realizations varies from 100 to 5,000 depending on K0 and L. The thick solid line corresponds to the clean system Fermi wavelength, λF = 2 π/n. The transport mean free path is calculated using
departs strongly from the SCBA prediction, 16 which is only justifiable in the semiclassical diffusive regime, when Fig. 4 and therefore our simulations are far from the semiclassical limit. Although the lattices investigated are rather small in comparison to the graphene samples probed in experiments, the scaling allows us to make a direct comparison with experimental data by using realistic values of ξ (which ranges between 10 and 100 nm, as shown in Ref. 20) and extrapolating the σ curves to large carrier densities, typically of order 10 12 cm −2 . This in turn provides a way for estimating the value of K 0 in transport measurements dominated by extrinsic disorder. As an example, in Fig. 4 , if we take L/ξ = 20 and K 0 = 2 (which yields an approximately linear σ(n) dependence) and assume ξ = 50 nm, we obtain σ ≈ 500 e 2 /h, which is just a bit higher than the values measured experimentally in high mobility samples.
In Fig. 5 , we present the typical dependence of the average Fano factor on the carrier density and disorder strength for square and rectangular sheets. For weakly disordered square samples, we observe a narrow dip at the Dirac point followed by a saturation of F as n is increased. As the disorder in- creases, the dip rapidly disappears and F takes a densityindependent value above 1/3, which is the value expected for a normal metal in the diffusive regime. 22 In contrast to the behavior seen for the conductivity, we do not observe a clear scaling behavior for F , namely, the data do not collapse onto distinct universal curves when sorted out by K 0 and L/ξ (not shown). For short and wide rectangular sheets, the behavior is quite distinct from the square case. For weak disorder, there is a peak located at the Dirac point, followed by a damped oscillation towards a saturation value (the asymmetry is due to a band mismatch between the honeycomb and lead lattices). These features are compatible with analytical results derived for clean junctions with large W/L aspect ratios. 21 As the disorder strength increases, the peak widens, the oscillations are smeared, and the saturation value of F goes up. For large disorder strengths, F becomes again nearly density independent. For both geomeries, the behavior we obtain for strong disorder appears consistent with recent experiments by DiCarlo et al., who found a nearly density independent F for several graphene samples. 23 However, this behavior departs from the results of other numerical simulations, where a saturation value near 0.3 was found. 9 Notice that the dip (square samples) and the peak (rectangular samples) near the Dirac point disappear rapidly as the disorder strength is increased and therefore can be interpreted as signature of very weak disorder. Danneau et al. have recently reported the observation of ballistic behavior in their measurements of the Fano factor for samples where W/L ≫ 1, 24 although the width of the peak in their experiment is nearly two orders of magnitude larger than the theoretical prediction for clean samples. 21 In summary, we have performed numerical simulations to evaluate the conductivity and the shot noise Fano factor in graphene samples as a function carrier density and in the presence of long-range disorder. We found that the conductivity follows universal scaling curves that depend solely on the disorder strength and the ratio of sheet length to disorder correlation length. The Fano factor was found to have a marked dependence on the density only for very weak disorder and near the Dirac point. For moderate to strong disorder, the Fano factor is nearly constant and its value is not universal. While our model of long-range disorder applies mainly to situations where the strong modulation of the potential in the graphene sheet is due to roughness in the substrate, it could also be extended to account for the effect of charge impurities present in the substrate or on the graphene sheet. The only necessary modification is the inclusion of a density-dependent correlation length ξ to take into account screening by carriers in the graphene sheet. However, this modulation of ξ should be weak for the low densities we have been able to study.
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